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This  paper  gives  a  method  for  determining  the  load  acting  on  the  teeth 
of  harmonic  gears. 
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Let  us  examine  an  harmonic  tooth  gear  '(Fig  1)  consisting  of  an  immobile 
rigid  gear  (r)  ,  a  rotating  flexible  gear  T(G)  and  a  cam  generator  H(N)  . 

Let  us  assume  that  the  profile  of  the  generator  ensures  in  a  static  state  and 
under  load  contact  of  all  the  teeth  within  the  limits  of  the  sector  AOD  where  the 
teeth  of  the  flexible  gear  are  located  in  the  cavities  of  the  teeth  of  the  rigid 
gear.  The  teeth  of  the  rigid  gear  are  of  trapezoidal  shape  having  a  profile 
angle  o  (Fig  2).  The  difference  in  the  load  on  individual  pairs  of  teeth  is 
caused  by  the  fact  that  their  instantaneous  velocities  differ.  Consequently, 
the  distribution  of  the  load  may  be  shown  by  analysis  of  the  kinematics  of  the 
teeth. 


It  was  shown  in  Ref  1  that  the  motion  of  the  teeth  of  the  rotating 

flexible  gear  is  the  result  of  the  summation  of  two  movements:  loop-shaped  local 

movement  with  velocities  of  V  and  V  -  caused  by  displacement  of  the 

y  z 

deformation  wave,  and  the  transferable  peripheral  motion  with  a  velocity  of 
V  -  together  with  the  flexible  gear.  The  sum  of  the  peripheral  velocities 

PerG 

of  these  two  movements 


The  vector  V  is  directed  to  the  side  opposite  the  rotation  of  the  generator 
X  • 

1 

and  in  the  peripheral  direction  the  tooth  of  the  flexible  gear  moves  away  from 
the  tooth  of  the  rigid  gear.  Besides  the  peripheral  displacement  with  velocity 
V  the  tooth  of  the  flexible  gear  is  displaced  in  a  radial  direction  also  with 

T  • 

i  _ 

a  velocity  V  .  The  cumulative  velocity  of  the  tooth  of  the  flexible  gear 
z  • 

_*  _  1 

V.  •  V  ♦  V_  (Fig  2).  In  order  to  retain  the  contact  of  the  teeth  it  is 

X  T  •  Z . 

X1  2  1 

necessary  *  that  the  tooth  of  the  rigid  gear  should  have  the  shape  of  a 
wedge  with  a  profile  angle  cu 


whence 


V  ■  <3> 


here  is  the  angle  which  ensures  the  kinematic  closure  of  the  teeth  (in  what 

follows  is  called  the  kinematic  angle). 


4 


Let  us  examine  the  possible  relationships  between  the  kinematic  angle 

a.  and  the  profile  angle  a  (Fig  2):  (1)  a.  >  a  .  The  velocity  V  >  V 
1  1  «£  Ta 

(of.  relationship  (3)),  here  V  is  the  velocity  necessary  for  kinematic 

ai 

closing:  is  the  actual  velocity.  The  tooth  of  the  flexible  gear  moves 

a 

away  from  the  profile  of  the  tooth  of  the  rigid  gear:  the  contact  is  broken; 

(2)  cu  ■  a  .  The  velocity  VT  ■  VT  and  the  tooth  of  the  flexible  gear  slips, 

a.  a 

i 

without  being  deformed,  over  the  profile  of  the  tooth  of  the  rigid  gear; 

(3)  ou  <  a  .  The  velocity  ,  consequently,  an  additional  peripheral 

cu  a 

velocity  is  transmitted  to  the  tooth  of  the  flexible  gear  as  a  result  of  its 
deformation. 


/  -  _  -  V  -  V 

elast  t  t 

a  a. 

l 


■  V  tga  -  V  tga.  -  V  (tga  -  tga.) 
“  •  2  •  1  2  •  1 

i 


where  ^e^a8t  is  the  velocity  of  the  elastic  deformation  resulting  from  the 
kinematics.  The  loading  of  the  tooth  is  accompanied  by  its  elastic  deformation. 
If  there  is  no  deformation  (ou  5.  a) ,  then  the  useful  load  is  also  not  transmitted 
by  the  teeth.  The  condition  for  transmission  of  the  load  is  <  a  . 

If  we  consider  the  velocities  which  make  up  formula  (4),  as  mean  ones  over 
the  small  time-interval  At  ,  equal  to  the  time  of  rotation  of  the  generator 

through  one  angular  step  ^At  »  ~~~~  ^  »  and  multiply  all  the  terms  of  the 

expression  (4)  by  At  ,  we  then  obtain  equation  (4)  in  the  displacements 

Selast  "  Sz.(t8a  '  »  <5> 


where  Seiast  ■  fcAt  t*ie  elastic  displacement  of  the  tooth  of  the  flex¬ 

ible  gear  in  a  peripheral  direction  (disregarding  the  deformation  of  the  system 

under  load) ;  S  *  V  At  is  the  radial  displacement  of  the  tooth  of  the 
i  zi 

flexible  gear  in  the  time  At  .  The  peripheral  force  P(^)  acting  on  the  tooth, 
is  proportional  to  its  deformation 

P(V>)  -  h?  S  (tga  -  tga.)  -  h?  S  f  (a.)  (6) 

1  "  •  1  12.  1 

1  1 

where  h*  is  the  coefficient  of  proportionality  (scale  coefficient); 
f(a)^  ■  (tga  -  tga^)  is  the  kinematic  function. 
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The  magnitude  of  the  angle  a.  may  be  calculated  from  formula  (2)  by 
substituting  the  corresponding  values  V  and  V  (Ref  1).  We  determine  the 

T  •  Z  • 

1  1  i 

value  of  the  function  f(a)  at  two  characteristic  points  :  (1)  at  the  point 

A (<?  -  0,  Fig  1)  ,  vector  V  ■  0  and  tga  =  0  .  Whence  f(a)  *  tga.  ,  (2)  at 

tA  a  a  i 

the  point  C(^  ®  45°)  the  vector  V  ■  V  -  V  -  V  -  0  *  V  *  u>~4  , 

TC  PerGc  yC  PerGc  perGc  ^ 

where  4  is  the  maximum  deformation  of  the  flexible  gear  (measured  along  the 

large  axis  of  the  generator.  Fig  1). 


In  the  case  of  radial  deformation  of  the  flexible  gear  according  to  the 

V 

1  Tc 

law  cos  2p  we  obtain  Vz  *  2(0^4  ,  whence  tga^  ■  y —  *  2JST4  "  0*5  • 

C  zc 

The  function  f(a)c  "  (tga  -  0.5). 

By  putting  at  the  point  D  f(a)g  **  0  ,  as  a  first  approximation  it  can  be 
assumed  that  the  function  f(a)  in  the  ranges  <fi  m  0  -  45°  and  -  45  -  *^°aw 
varies  according  to  a  linear  law. 


The  magnitude  of  the  radial  displacement  S  is  determined  by  the  shape 

z  * 

1 

of  the  deformed  flexible  gear.  The  coefficient  h*  is  dependent  upon  the 
reduced  stiffness  of  the  connecting  pairs  of  teeth.  In  order  to  estimate  the 
relationships  of  stiffness  of  the  connected  pairs  of  teeth  y£  we  determined 
theoretically  the  values  of  the  components  y^  ■  yj  +  +  yQ  +  yQt^  ,  where 

y^y^  is  the  stiffness  of  the  teeth  of  the  flexible  and  rigid  gears  respectively; 
Yq  is  the  stiffness  of  the  flexible  gear;  y  ^  is  the  stiffness  of  the 
generator  and  other  units. 


These  calculations  showed  that  for  five-modulus  steel  teeth  (m  ^  1)  and  a 
flexible  gear  *  3  i  thick  the  stiffness  of  the  rim  of  the  flexible  gear 
yG  ^  (y j  +  y2 )  approximately  by  an  order  of  two,  therefore  the  variation  of  the 
magnitude  (yj  +  y2>  may  be  disregarded.  Therefore,  the  reduced  stiffness 
(rigidity)  for  all  connected  pairs  of  teeth  is  practically  identical. 
Consequently,  h*  *  h*  ■  const  .  The  magnitude  of  the  coefficient  is  determined 
from  the  condition 


LV*"1  ■  "tor 
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whence 


h*  - 


2M 


tor 


i«n 

S  vw< 


uD_ 


here  Mfcor  is  the  torque  on  the  gear,  kg  n  ;  u  is  the  number  of  deformation 
waves;  is  the  diameter  of  the  initial  circumference  of  the  rigid  gear, 

cm  ;  n  is  the  number  of  pairs  of  teeth  coupled  in  the  zone  of  active  engage- 
Z 

ment,  n  ■  r  where  <fi  is  the  arc  of  engagement,  Z  is  the  number  of 

Zir  eng  r 

teeth  of  the  rigid  gear.  In  order  to  estimate  the  relationship  (6)  a  calculation 

2 

was  made  of  the  values  P (<fi)  of  the  double-wave  gear  having  the  parameters: 

a  ■  30°  ;  m  ■  0.8  mm  ;  fn  ■  0.8  ;  cn  ■  0.2  ;  z„  ■  200  ;  z  ■  202  ;  £  ■  +  0.15  ; 

u  u  &  r  g 

£  ■  0  .  The  magnitudes  of  the  radial  displacements  of  the  teeth  for  this  gear 

r  2 
were  determined  according  to  the  calculated  form  of  the  deformed  flexible  gear 

(ie  disregarding  the  deformation  of  the  flexible  gear  under  load).  A  comparison 

was  made  for  the  loads  MtQr  ■  20  ;  40  ;  80  ;  100kg  m  (the  calculated  load  for 

the  gear  was  equal  to  100  kg  m). 

Fig  3a&b  show  the  theoretical  curves  P(p)  (indicated  by  the  unbroken 
line  1)  calculated  according  to  the  relationship  (6)  and  the  experimental  curves 
plotted  from  the  data  of  the  laboratory  of  the  chair  'Machine  Parts'  of  the 
N.E.  Bauman  Higher  Technical  College,  Moscow  (indicated  by  the  dotted  line  2). 

Note:  When  plotting  curve  1  (Fig  3)  one  can  also  consider  that  under  load  the 
large  axis  of  the  flexible  gear  is  displaced  relative  to  the  large  axis  of  the 
generator  by  5  to  15°  in  the  direction  counter  to  the  rotation  of  the  generator'3. 
The  calculation  is  effected  by  displacing  to  the  left  (Fig  3)  the  calculated 
calculated  curve  1  along  the  axis  ~  by  5  to  15°. 

Comparison  of  the  theoretical  and  experimental  curves  has  shown  that  the 
relationship  (6)  gives  values  which  are  in  good  agreement  with  the  experiment. 

The  table  gives  the  results  of  a  comparison  of  the  maximum  loads  on  the  tooth 
and  the  value  of  the  coefficients  of  non-uniformity  of  the  load  distribution 
over  the  teeth  k  . 

With  a  small  load  (M  »  20  ;  40  kg  m)  the  deformed  flexible  gear  changes 
its  initial  shape  insignificantly,  and  calculation  of  the  geometry  of  the 
flexible  gear  from  the  static  parameters  of  its  deformation  has  a  small  error 
(up  to  IX). 
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As  the  load  increases  (M  ■  80  ;  100kg  m  and  its  value  approaches  that 
calculated,  the  shape  of  the  flexible  gear  becomes  distorted,  the  influence  of  the 
total  deformation  of  the  system  increases,  and  the  calculation  of  P(^)  from  the 
static  parameters  of  the  geometry  leads  to  an  increase  in  the  error  (15Z;  21Z). 

On  the  basis  of  the  theoretical  and  experimental  investigations  made  the  following 
conclusions  may  be  drawn: 

(1)  The  relationship  (6)  correctly  reflects  the  connection  of  P(^)  with  the 

basic  parameters  of  the  harmonic  drive  and  may  be  made  the  basis  of  the 

approximate  methods.  The  load  acting  on  the  tooth  of  the  harmonic  drive,  is 

proportional  to  the  product  of  the  radial  displacement  of  the  tooth  S  on  the 

z  • 

1 

kinematic  function  f(a)  (deformation  of  the  system  is  disregarded  here). 

(2)  Distribution  of  the  load  between  the  teeth  of  the  harmonic  drive  is 
determined  by  the  shape  assumed  by  the  flexible  gear  after  application  to  it  of 
the  operating  torque. 

(3)  If  the  shape  of  the  deformation  of  the  flexible  gear  under  load  is  unknown, 

the  distribution  of  the  load  between  the  teeth  may  be  obtained  approximately 

from  the  calculated  shape  of  the  deformation  of  the  flexible  gear  and  the 

relationship  (6).  The  method  for  determining  ?(<p)  is  given  below.  For 

M.  >,  0.8K,.  ,  the  computed  value  P  should  be  reduced  by  '"'15%. 

tor  tor  ,  max 

cal 

(4)  The  present  method  is  not  dependent  upon  the  choice  of  the  driving  and 
driven  unit.  Any  gear  may  be  reduced  to  the  arrangement  in  question  by  the 
inversion  method. 

(5)  The  relationship  (6)  may  be  also  used  for  determining  the  load  acting  on 
teeth  of  harmonic  gears  with  free-wave  generators,  if  the  shape  which  the 
flexible  gear  assumes  under  load,  is  known. 

METHOD  OF  DETERMINATION 

given:  (a)  the  geometric  parameters  of  the  transmission; 

(b)  the  static  shape  of  the  deformation  of  the  flexible  gear. 

Sequence  of  the  calculation: 

(1)  Determine  (with  the  step  top  ■  5°  for  small  transmissions,  and  top  -  3° 
for  large  transmissions)  the  values  of  the  radii-vectors  ,  drawn  from  the 
centre  of  rotation  of  the  deformed  flexible  gear  to  points  located  on  the  curve 
which  describes  the  apices  of  its  teeth. 
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(2)  Determine  the  values  Ap  ■  -  Ap  ^  +  ^  for  various  angles  <fi  . 

O)  Construct  on  an  arbitrary  scale  the  graph  Ap^  from  the  angle  of  rotation 

of  the  generator  (Fig  4) . 

(4)  Calculate  the  values  for  the  kinematic  function  f (a)  ■  (tga  -  tga.)  for 
the  points 

A(«P  ■  0)  ;  f^'A  "  t8a  5 

C(ip  45°)  ;  f(a)c  ■  (tga  -  0.5)  ;  for  a>  ■  A  cos  2 <p  ; 

-  *eng)  ;  £(o)d  *  0  . 

(5)  Construct  in  an  arbitrary  (along  the  vertical)  scale  on  Fig  4  the  graph 

f(a)  by  joining  the  straight  lines  of  the  point  A  and  C  ,  C  and  D  . 

(6)  Determine  the  number  of  pairs  of  teeth  n  located  in  the  active  zone  of 

engagement 

*P  2 

(7)  In  Fig  4  separate  the  abscissa-  section  (0  -f  V>eng)  into  n  equal  parts. 

(8)  Measure  the  ordinates,  corresponding  to  the  points  of  division:  l  Ap] .  , 

ran  ;  E  f  (ot)l  £  ,  mm  ;  where  i  ■  1  -f  n  . 

(9)  Calculate  the  corresponding  products  |f Ap] j.f f (a)] .j  . 


(10)  Determine 


^  l  C  Ap]  .[  f  (cOljj 


(11)  Calculate  the  value  of  the  scale  coefficient 


* 

h  - 


_ tor 

>r£  jl*>li[f«0]tJ 


(12)  Determine  the  peripheral  forces  acting  on  the  teeth  of  the  harmonic  drive, 


P(^)^  ■  h  Ap] 


•  l  f  («)] 
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